Seckon 2.9 {Hw pioklemS

1. Label the following statements as true or false. Assume that V and
W are finite-dimensional vector spaces with ordered bases 8 and 7,
respectively, and T,U: V — W are linear transformations.
(a) For any scalar a, aT + U is a linear transformation from V to W. TIRE
(b) [T]} = U]} implies that T =U. TRUE
(c) If m=dim(V) and n = dim(W), then (T]} is an m x n matrix.

(d) [T+V]g=[T)3+[V]} TRU= S AV VWO
(e) L(V,W) is a vector space. 72|)= « mamber o rows = Aim W =n
(£) LV, W) = LW,V). 52 © nanir o o+ A= 11

LTl = wammasex
w T R>>RE thea m= 2,123, 3v2=[1]

2. Let 8 and 7 be the standard ordered bases for R™ and R™, respectively.
For each linear transformation T: R* — R™, compute (T]3.

m\/;: 3 4

(a) T:R? = R3 defined by T(a1,az) = (2a; — az,3a; +4a2,al')./v (_ , >

40

5. Let
0 1 0 0\l #5-(b) \
a={®)’m’m’m}r’lﬁfmquum B veng <
- 2 - Vs 241 fioy 2600 o
and ﬂ {1) x,T }’ m lji(ll'h\'ﬂ T(‘\'(ﬂi): ( o ‘\'ﬂ(}) ) O- ‘00) + 2 (gol )
Using g /0 2 vl o o -
b2 o o Y]
= i 40
(b) Define 1o ( 0 o) &DO )4 2( 093 (.10
o (%)
T: Po(R) — Maxa(R) by T(f(z)) = (f’((]O) 25(;)) , s TR o)
£(3) (S +2055) 1o
where / denotes differentiation. Compute [T]§. QoSG A 42 [,%?
(€)' Define T: Maa(F) — F by T(4) = tr(4). Compute [T3. (0,0, )L
The suny o£its disgonad @loments 13 (ASing ¥
10. Let V be a vector space with the ordered basis 8 = {vi,v2,...,v,}. T(V)=ViiVo =V, (1000
Define vg = 0. By Theorem 2.6 (p. 72), there exists a linear trans- (V.)- V=4V [ﬂp: oll
formation T:V — V such that T(v;) = ”Lﬂtl,for i=12,...,n T(V;);: VitVz a ,I
Compute [T]g. T{Wp) = Vo Ve 0000

16. Let V and W be vector spaces such that dim(V) = dim(W), and lct
X T:V — W be linear. Show that there exist ordered bas&s@a.nd @or
V and W,/zespectively, such that [T]} is a diagonal matrix.

V—)/g;re"e?’” enl Line Binlv)=dim(wW)
¥ = )/eng?r-»- @n7
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4. For cach of the following parts, let T be the lincar transformation defined
in the corresponding part of Exercise 5 of Sectxon 2.2. Use Theorem 2.14
to compute the following vectors: ' 5. Let

1 4 R

(é) [T(A)]a, where A = (_1 6) . a= {((1) 8) ; (g é) 3 (2 g) ) (g 2)},

(o) [T(f(x)))a, where f(z) = 4 — 6x + 322.

12 oy #e (o) L’T(M)]q[ whge T F-bx+43nF
ETC’PCN]J\: f’flg“[ﬁyqjg
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9. Find lincar transformations U, T: F? — F2 such that UT = Ty (the zero
transformation) but TU # Ty. Use your answer to find matrices A and
B such that AB = O but BA # O.

<) m
et (Ap)=(4.20) Ther 0T OGy= V(4,0)=(00)
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11. Let V be a vector space, and let T: V — V be linear. Prove that T2 = T # /1.
if and only if R(T) C N(T).

12. Let V, W, and Z be vector spaces, and let T: VoW and U: W - Z R(_[): ﬂ/W‘je( 0‘“ ”V‘f P‘/ﬁs 'ILT)

be linear.

(a) Prove that if UT is one-to-one, then T is one-to-one. Must U also M(r_[) =l SP‘A(e (““ 0 \ms‘hf\'lﬂ Tt“vq PS o m)

be one-to-one?

(b) Prove that if UT is onto, then U is onto. Must T also be onto? m ASSV\WC— ﬂ('-r) & N(T)
(c) Prove that if U and T are one-to-one and onto, then UT is also. M <or d“ v e \/( TVE R (—(—) < N(T)

13. Let A and B be n x n matrices. Recall that the trace of A is defined

by s T*= T(W)=0
tr(A) = i:/h.‘. ke v is, akb(*mv =0
Prove that tr(AB) = tr(BA) and u(;) = tr(A"). B ou ppore 220 . Thew forall U ERCT)

Hroe o5ty WeE YV Such ot u= Tw T =T W=0
veNGT). Ao vis arbitrary, we haje RT) < Yy
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2.1 Lineur Trmnstoymoctionsy Null ous, and Ranges

Example 10
Define the linear transformation T: P2(R) — Max2(R) by

T(f(@) = (f 1)~ 1) f?0)> .

Since 3 = {1,z,22} is a basis for Po(R), we have /
R(T) = span(T(B)) = span({T(2), T(z), T(z*)})

~am ({5 9)-(o -3 O}

—woan (L0 O) (-1 O
=P 0 1)'\ o o))
Thus we have found a basis for R(T), and s— 2. ¢
==

R(T)> spauh(ﬂ))
;Syuw(fru),f(vo)fﬂ%‘)v

>
Example 44 p= v
re PJR\{;(F)
T(h)= 2Fla) + ,!: 1o p0dt

Rz Spakl TCRY)
= gf;u Yy TW,TW%)

= spefl 0% 2455, 44 )
\ineoriy in Jepontant,

[=Ne)

J; %,,tz,u:

rank (T)=3
A (P2CR)) = Danke LT+ 1uliidg ()
3= 3¢0.

T i'b oneg - 4o —OVIR,



For Exercises 2 through 6, prove t T is a linear transformation/ and find
bases for both N(T) and R(T )/, Thel®ompute the nullity and rank of T, and
verify t imension theoreny/” Finally, use the appropriate theorems in this
section @etermine whether T is one-to-one or onto. (a) T(a1,a2) =(1,a2)

ay,a2) = (ay,a?
8. T:R?— R® defined by T(a1,a2) = (a1 +a2,0,2a1 — az). ((:; lgal,azg = Esiln Zl,)O)
3 d) T(a1,a2) = (|asl,a
Oprve T% U7 @ Toonen = oL
TC0,00)= CAK0a, 0, 10'--q7-)
2
lotc eR, uP€ER
whele (= (bub')-) tet ceR
\[:(d\(d?) £=C %ir %) ‘I'(‘/u‘f'p)

Cpiy = Ebrtdi, CB¥9%)

9. In this exercise, T: R — R? is a function. For each of the following
parts, state why T is not lincar.

ce) Tlaioy)= {S%a.0)
%,y €R*

Lty = @#(ﬂ, ' C.Kz‘("l»)
D.Ch’tdl ’Ghl")"’)

Ctory )= ( Chied tobatda O ’h) Tloety) = (i LX) 0
b-by) £ M0
= (¢ (bflr) $ditda O W ) e = (SWexe
> rCon)+Tln) T(y) = (SWy.°)
< oTw) 4 oy Tleak T69)= (S € Sy 1 ©)

So T is Vv

@ Hwd boses fo- Lot NCT) avdd RCTD

Rer)= Spedl TR D)
= Spuny T(0D, T
LSpa»f(\ 02, (1o, X
They ave lin earl; ‘m(brwofu'f-
o dm(KN))=2
Py dimimblon eorem
Jim (R) = din ( R(T)) 4T
9 = 92 49
dim (M(1)E©
Nuvity (1)=104.
@ Tis onfo? one- to-one >
Mot , dimengln dim(R) € dimCR®)
whicw s (ewﬁha 4o ong—to—on2
Blgo, mallity (1 Yo', W% ove-fo-one
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11. Prove that there exists a lincar transformation T: R? — R3 such that 12. Is there a linear transformation T: R® — R? such that T(1,0, 3)=(1, 1)
T(1,1) = (1,072) and T(2,3) = (1,—1,4). What is T(8,11)? and T(-2,0,-6) = (2,1)?

M note et =0 U= (12705 LT
thewe Fore 0 lass o RZ
B hry vertor x= (L, %)
= (A&t oC\)t b(2,3)

11 note Hod U= CLOI3) ,Us= (-2.0,6) 1
s hot (inearly zmlePwdeme ,
wod ot Satlsly e defob LT

'\'ndeeJ;
+ 204z T(2010d)= (21)
o 2:’:‘ Ok 2 Oy )= %,y e o 15)m (2 -2)
- — - ? = (<~
}(M} 2 = 3% —2%a 27T\ o3) 1
b=t
b=1\z"\|

(2 #i22)
(o F)= (Br=21 ) ) + (Yo%) (248D

T(%Xa)= Bhe-20y TOU) + (=) T(%%
= (3re2ta) (100) * (%)L r(€)

=32k, O, 6K 4K 2)
* ['Y\tf)(L{ - 7‘2.'(')(( ( 41‘1‘4’)‘()

(E)L,—K)_ | =K 2%)
Blram= (le-4, -use, 1p)

= (% 3,b) 4




13. Let V and W be vector spaces, let T: V — W be lincar, and let
{wy,w2,... ,wx} be a linearly independent subsct of R(T). Prove that
if S = {v1,v2,... ,vx} is chosen so that T(v;) = w; for i = 1,2,... ,k,
then S is linearly independent.

)
Suppoe Oulle.-- (O are arbduey Scedews

Such gt OV 4zt - = +0cVe= o-V
we, must show et O= Op=- - = 6k=0

we have T(OWVi+ =~ 40ehc) = TIOY) which b
ow 3lue Tit lmec:

lso, ) linean’d) T(ow - - <o)
o TV £ 0L TIV2) € - - -4 2k TIVE)
WL At - H0eWe =0
fas  equak €0 tue o-wW

3 LT
AM W( |W>.' ___,W(< .
N Wnokudl twort OOy ~Oe=0,y o8 vequirgd. g

w Sive

=
<

So

14. Let V and W be vector spaces and T: V — W be linear.

(a) Prove that T is one-to-one if and only if T carries lincarly inde-
pendent subscts of V onto lincarly independent subsets of W.

(b) Suppose that T is onc-to-one and that S is a subset of V. Prove
that S is linearly independent if and only if T(S) is linearly inde-

pendent.

(¢) Suppose B = {vy,v2,...,va} is a basis for V and T is one-to-one
and onto. Prove that T(8) = {T(v), T(v2),...,T(vn)} is a basis
for W.

(a) The sufficiency is due to that if T'(z) = 0, {} can not be independent

and hence z = 0. For the necessity, we may assume Y a;T(v;) = 0.
Thus we have T'(Y a;v;) = 0. But since T is one-to-one we have
Y a;v; =0 and hence a; = 0 for all proper 7.

(b) The sufficiency has been proven in Exercise 2.1.13. But note that

S may be an infinite set. And the necessity has been proven in the
previous exercise.

(c) Since T is one-to-one, we have T'(8) is linear independent by the

previous exercise. And since 7" is onto, we have R(T") = W and hence
span(T'(8)) = R(T) = W.

BT % ovto RIT)=W

20T)= 5/20(»;[)%([2)7) =W



15. Recall the definition of P(R) on page 10. Define
TP P by TG = [ 1oa 26
Prove that T lmu%nd one-to-one ./but not onto.
Do prue T wlnacir, we pesd fo syo ft

TC efem £ ge)) = ¢ TChaAD + WY

fyepe) Sonlor C-
|7 cfg)eget) it
chr)t gx)

= (T (4x) +Tg2)) o

‘s lineav,

T ( etens + 9.(%)) =

—
~

.:’(

@ To pyve T (s tne—ftoove <

need to Shov et
T (<)) Tmlyﬁes Prry=ge )

TCH2)) =
Supp 22 Tlho) = Tyr))
L porde= L7 syt

Arl) =FLN).

- 57 T i\ oh - 1‘0/01/)2
E? T prove T 2 ho+

Showd Her® tmerefs & 9 & PCR)

ohtp, We need +o

Let T: P(R) — P(R) be defined by T(f(x)) = f'(z). Recall that T is

linear. Prove that T is onto, but not ‘ofic-toone®
C—

[RTO pyouve T 5 onto, we neod

“p Shod fret  For omy element Gix) Pl

Ul Camn ._Lu,.cg
A= [gom dn tn POR) Lhlel

safisties  T(Hr)) =g/

¢

Acx) s RCT)

< R(T)
PR

peRY — T

PR
R (T)

B(™ =

<

—

is onto.

s ek one—fo—VG@

—

Bl 7o c

T{,()—: ( ’Z) =0

NEr) #FTeY
—> T iy vot =ne-to -OVe

onue

cuch pot T He)) = a2 dor atl £ G PIR).

Lek GLX)= C, Whele

Supype 52 (A) = Fn)-

“then S FEIAt =G L= ©
Fay=C glex) = fiod/
Pi=o Lo=e-
-
gt it Fom0, e TLEAT 4o

W\'\\lk‘/\}& not ¢

5% T fepy) A grrl)

C is worzero coin sbold-

dt=0O

Therebne T i net owto



17. Let V and W be finite-dimensional vector spaces and T: V — W be

linear.

(a) Prove that if dim(V) < dim(W), then T cannot be onto.
(b) Prove that if dim(V) > dim(W), then T cannot be one-to-one.

) S‘J\P)’?DSZ T iy ont™

i (W
They by theoreivy rouns (T)= dimC )
i (RCTY)

\3‘3 d\mepsion Theovew
T (V)= rankCr> 4 g D

)3v we assume
(W) > Y2hEe(T) nuitglT )

A4 (WD 7 diw (W) +huu‘rf~a(,'r)

57 Mty D

Contradiction . sty > edltnys o homegutie

teyer -

‘o Suppore T 15 eve—foOre
The g theaen dun(v)=
N AU LT O

By dmensev  theoen

chmv (v)=

Jiwn WY < rapnk CT)

But b b clecv’z impossible  pc
A SabSpue of W e
Sign LSy e eyl

e climen S of 2

RCT) €
’fh@V@[?\é O\\W‘/S heas o 12F
To

k()

o e CT) SRVIINE



2.2 7he motrix vepresentotion of a lineawr
Frnn§formntion

A%
I 5:(0\)%5 (bic) g e be iwmlx

2. Let B and 7 be thestandard ordered bases for R® and R™, respectively.
For each linear Aransformation T: R® — R™, compute [T]E
(a) T:R? =R defin

ed by T(a1,az) = (2a1 — az,3a; + 4az,a1).
Sol "Fb’r CD\)

T(ul): (2[ 'bll )
T(ul)= ('11410)

%= (5%

| 0

T(ea)= 1
T(35)= o
T(25)-o

T(ay) =

Let

(696 9-69.6 9}
p={1,z,2°},

and

nyer b€
'Y={1}' QOH

mot? X
[/
(5) Define

f1(0) 2£(1)
T: PalB) = Maa(R) by T(@) = (70 20,
—2—7—' ( ( ))
where / denotes differentiation. Compute [T]3.
(c) Define T: May2(F) — F by T(A) = tr(A)
A

. Compute [T]Y.
',-
S\ for (b)
T: P(R)— Mg (R) 4 olo
G {uat (Ag={o22 )
W= (¢ >) Coz
- 2
T = ('D z)
*) . 2
T(2") = (2 z)
Sol for (b)

T, Mo, (F) = F by TWR)= (k)
AR

[T]:=(\004—)



/0. Let V be a vector space with the ordered basis 8 = {v1,v2,...,v,}. /‘ Let V and W be vector spaces such that dim(V) = dim(W), and Ict
Define vo = 0. By Theorem 2.6 (p. 72), there exists a linear trans- T:V — W be linear. Show that there exist ordered bases 3 and ~ for
formation T: V — V such that T(v;) = v; +vj-y for j = 1,2,...,n.  V and W, respectively, such that [T]} is a diagonal matrix.

Compute [T]g.

ﬁZ {Vuvzr - th
DQ‘F:IWZ Va =0 ..

1 D-~0
\ !
| '
Cor
. .
.

T(v,))= Vi+Vo =Y "‘[T]P

|
o
T(vy)= V2tV OO| o o

TTU)= VWtV

1 led n= {_&l‘;‘.iUT i W

and k= Nulity (T)

choote o bagls B ) = Y\, : .\f,’(iijgﬂ e Un *‘[w{» Vowrhy YU AV EN Hatls of rV'LT)
(etend  div s (‘ Do dbass o V-)
t;;:f‘}‘ A v —r \ 3 - Pl
}::3‘; Set U= TT0y) for j= el b
:«’} Y \;3 - umi/‘; “x A *'\\\() “>1 i (M) i (“ \‘—35! S ’tzcj‘(‘igf;'r%; o bty ff‘) ‘:#PG‘UJ e rAvioe
Fi - f
) < 1 " l‘\ A
;:1&«5 HC{.m@ B T AN TP Uy P
I; b N{‘ z‘;‘juq =0 > 7 L L,\, \i; /) =0,
\):K’t& - et

"

{»:‘N jq'; - - " > . ta L Fola D

© 0 eNi) = s AR, - Ve, Widh farwes g it G= 0 kY nquenesn
T N

CeodwNes Tn dve  basls D
F

s ot AR AL T =
Rease  dinl =7 )
. b e SR IUY I - Youve & afs A

(ST 12{*9”’:-' h—ke y e tggcd & dbatly ¢ {’ (AD.

ci

i

R U U At - p lf
.} {»i,»,\r)\?—\‘_.kﬁ » esiUwm 5?‘}
TRl S

For J2K, TIFED -7 oldmg g s ©

i o
“Fom NV = S e T I e S R Ty Y P e e ) oo AL &0
- ZEH TIYI= Uy > colupm § & e Ycomdinate vector €]

i "‘\,(‘ [N O \

Fe { L v oo, dlogond sl
B jff | ’ } ool L! gy | "‘,,), D i o \) { A 40) (,.Ll VIR >(

Hea,
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\\ l:/\ —~fRei A -~ R -
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2.3 (Dmroi;t-ﬂw of Wwear Thaugformortons ond mecdrih  Mukiplicostion

it 2¢b) 3 4(ab) 9 10 1 @ (3

T: v—=7W omd V- wW-=2%

T_ B
M ORI
T: v—=W we Vv

[Tl = (117 g

Ly: F'— F
by (2) = M foreach wlumy vector LE (34

L & I&H—”’WHEP\;W:'DVI buns fornotion

B4
[
A=(L’(’- 243
ke Maa(R) twd La? R'=R”

¢ (4)
Ly )= hoe &L%‘»)L?.)’ (%)
¥ mostrle k) P\‘.m—«tw > asseclactive

hBeO=(pB)C
£ Mocrbe nuHiplioeting i not conmnuci-ive.

AR + BA



2.3 Com,ns'rf'wn of Linear Trawsformoton and Modyin MﬂHirﬁCﬂ‘l"\vn

1 2(p) 3 4(aw) 9 0 (2 13

3. Let g(z) = 3+ z. Let T P2(R) — P2(R) and U: Pa(R) — R? be the
linear transformations respectively defined by

T(f(z)) = f'(z)g9(z) + 2f(z) and U(a+ bz + cz?) = (a +b,c,a = b).

Let 3 and 7 be the standard ordered bases of P2(R) and R?, respectively.

(a) Compute U]}, [T]s, and [UT]} directly. Then use Theorem 2.11
to verify your result.

(b) Let h(z) = 3 — 2z + 22. Compute [h(z)]s and [U(h(z))],. Then
use [U]} from (a) and Theorem 2.14 to verify your result.

So! fo- ()

T compure EUJ; @ omprie Trlp
v(H= (r,00) T)= o424+=2
V@) = (1,0,-1) TU)= (A +2%

= 343
U= (0,1,0) =
: |\ 0 1(?)s 2oL O3HA)t 20
Eu']‘;= ( 24 L ) = 447364
3 o
[0 3 6
l‘:rj/3 (o o4 )

Sol Hor (b)
II] (py»,?u{e T/V(?U_JF
pocle b2 "

Ch(,’)(l)]\q—. (}7')
A (ompute rubm) 3
[U]; il

||0 ’)J
= oO()‘Z.
| 1o/}

4. For cach of the following parts, let T be the lincar transformation defined
in the corresponding part of Exercise 5 of Section 2.2. Use Theorem 2.14
to compute the following vectors:

(a) [T(A)la, where A = (_: o)
(b) [T(f(z)))a, where f(z) =4 — 6x + 322,

Define T: May2(F) — May2(F) by T(A) = A'. Compute [T]. ™
Define

{6 9.6 9696 0

y=(1}.

—_~

TR~ Maa(r) by TU@) = (T80 HE), .

So for (o)
Ttle= TrIa-Tala
= [F)a-[hla

Ml Compute [T1a
"= (‘o%) ta= ‘:‘?z
T(E?)= (°.% 000
T(E*)=(%5)
<(£*)=(%9)

)

2] compute Trla

d (f‘?) s Ei(i)} ;) gy
6 = |oo L 2 )=
(323?)(6' (Z .

Col for ()
TrWadla= (7], -[Heoly
@ compate ET]I:‘ P

d 2, 2 2
1= k‘; ’;) CT]‘;: %2?_
To= [ :’ t

ool
e NI HSAC)
L 4504 ] = &_H 009 J\3



9. Find lincar transformations U, T: F2 — F2 such that UT = T (thezero 11, Let V be a vector space, and let T: V — V be linear. Prove that T2 = T,
transformation) but TU % Ty. Use your answer to find matrices 4 and if and only if R(T) C N(T).
B such that AB = O but BA # O.

S Swpoe T=T
fo w\y vector V‘é\/
we vae T(Tw) = T{v)=Te)= ©

UT(hy)= V(%e)= o) = To Thewre , T) & N(T) o evty vV
WY = T(H0= (oD F To

Let ULY)=(Y0)
T(xy)= (ko)

A Syppoe per) & 80D

o or any vectr VeV
A = o\ b= ¢ J
e+ A (OO) 00) we Kow  Tw)é KCT)/ o R,CT)Q_NLT;
tey_[ 09%93=0 i ows  Tew N (T
= (5o )5 )=( 40 i ple .
’rh% TZ'CV): T(TCV)) =

7l

he (52)050)7 (%00 7



12. Let V, W, and Z be vector spaces, and let T: V- W and U: W = Z
be linear.

(a) Prove that if UT is onc-to-one, then T is one-to-one. Must U also
be one-to-one?

(b) Prove that if UT is onto, then U is onto. Must T also be onto?

(c) Prove that if U and T are one-to-one and onto, then UT is also.

}P\‘,b‘ JT e -4

G vé \:(T) i .
T Q)= W Ty )= Y ()= 0

Stae T T -t (w\j T g to 1S V=0

2 {,

A g
tetlned by
7

2 v
27y @Y dobined v

vow e,

2
o 7 R

There Soe R i At —ONe

AN e ¢TI
oV oot U'[H‘;j:,.zl
HUT W) = fTeys)

So Eend FE# Tt Do € o Sorn@ At/

That ngans 1 isowto

FREE T P b P
WLt L dise ke onle

e JU4E)

Came  fovintéy 2xample.

ce)

At (T &

pome V& NG
T UTey ) =0

Sne T T pigv orey

Thaen N{UTI = ¢

Seot DT OB a0

ted & €7
(U'é‘ Z

N

V& ot e Gis5tl SMe W& t/t/

4y, Ulw)=Z

sm@ U T oo, froke @ty e el

A e e W
so YT = ULV = )= 2

nae, OT & oo g

13. Let A and B be n x n matrices. Recall that the trace of A is defined
by

(A) = E":AH.
=1

Prove that tr(AB) = tr(BA) and tr(A4) = tr(A").

O te(A®)= = (AR).

n
<
(kd |

. sl
5

= 2 (BA)g
3

< 1
:"_ﬁ*‘ij



| o) @DO®T 20 Opert
¢ ‘,‘ (? f 5) Caloorfiov
24 mwﬁb\lﬂa ond somorphismé \0)") O !

Sol for Cc)
2. For each of the following linear transformations T, determine whether acw'd""é fo the dimens ion 4 T

T is invertible and justify your answer. 30
(a) T:R?— R® defined by T(a1,az) = (a1 — 2a2, a2, 3a; + 4az). a)=(%2 0% -
(b) T:R?— R3 defined by T(ai,a:) = (3:11 — az,az,4a;). : T( ‘) ( ) El':l— ol °
(c) T:R®— R3defined by T(ay,az,a3) = (3a1 — 2as, az, 3a; + 4az). T(_a‘) = LO | 4’) 340
(d) T:P3(R)— P2(R) defined by T(p(z)) = p'().

a b T(°5)= (-),0,0)
(e) T:Max2(R) — Pa(R) defined by T (c d) =a+2bz + (c+d)z%
® T

0,
34 0/| 0 10, #1402

-2 0 30,-203
: Mayx2(R) — Max2(R) defined by T (‘: 3) = (a-(i:-b c:d)' T: (% ? o ) ( ): ( Qs

@) T° M. (R) — P (R) T(‘é: )= 020t Cotd) x>

¢
CJM$““+ dimenSion 3
babin: Eu:[g")] Elf[?:.:‘;]fu’ ?Z] E22=(35]

T(Eu) = 14040 - foo ©
T(En)z 0% 22t 0 b= o

T(Ew)= 040 +2* o
T (E,) = O£0% X*

2 0 ©
o4+ 1

By theorsm, runk — nullity +heorem.

dim ( domain) = rank () + pulliyCr)
4= 2+41

. S0 T ® not Wnjectiee, not huertive

T 15 not Ivartible as it B & mapping
between spums o ifferent dimensions

T:M ab\_ [ofb a.)
ey 242(R) > May R) T(ca)'( © ol
- (1!
E)=(50) cras( | {88
T(En.)=(:>g gg:?
T(E2)=(59)
T(Eu)‘(:?)
|l | ©o | o 06 ©
1o 000t OO
oo|(’(o oo |l ©
oot | 0o O 1
r|\oo { © 0
Lo-ieo [~V 09
ool O |00 ‘[’
coo 1 | &0
)
| o 0 O 0|001
Oo| © © f -t &0
oo O|loo1e°
[pool o 0-t |

dind domom )= rank () +nuley ()
4= 440

nulty (1)=0O

Tie wyegrttble



4.t Let A and B be n x n invertible matrices. Prove that AB is invertible
and (AB)"! =B 'A~".

5.1 Let A be invertible. Prove that A* is invertible and (A%)~! = (A~1)t.

()EK) (s (5] (7 B = (0
= A(BTON)

= l--[:
= ]
A(TIAN') -7
= AN
‘1 K= (AR )
= I"’-
(BWYAB=  R(MAn) =T
= p(18)
= B3\B
=T
7. Let A be an n X n matrix.
6. Prove that if A is invertible and AB = O, then B = O

(a) Suppose that A2 = O. Prove that A is not invertible.

(b) Suppose that AB = O for some nonzero n x n matrix B. Could A
be invertible? Explain.
£ Py mvertivie, then A~ exists Sol or (a)
So we hwe B=fA'pp: =0

MO Assume ek A & invgrtivle
Then A“A*= Ao
Map =0
TA =0
k=0
But this iy o Gomtradiction,
Sinte e zero matik 15 wot invarthle

Sol for(pb)

O Assuwe ot f s favertie bnd b+0
Then AT ap= A'0
Ip=o
b=0

Crtndotion, Smce BED by hypotnesis

-> AB=0 impliet A ot Wugptoe ... 22



9. Let A and B he n Xn matrlce:s such that AB is invertible. Prove that A
and B are an example to show that arbitrary matrices

A and B nced not bc mvcrtlble if AB is invertible.
PM {_ GN SWO V.

Sl fr- 9.

I£ AB To Ttotible then Lag & iwvertile R . Bren o

So Lalg= Lap & Sujsctive and Wjective fg s Inierible Bondd B e hotl i ble
hnd s La b injecive ond Lg surjective )

But S e domn ond  adoraln hms e <brect bE  Wethod L Let C= CAp) \% 00
Samg dimensin , fhey are bofh invertile pwof > A(pc) _ (AB)C, . Y st b AT

becane (e assume C,'(jlg"’)
= Be & inverse of A

A-B RA"
tlea «F BC.

(Ch)B = c(ABd=2 7 CA  pvere £ B

;bP me+hod2 AR S Tnvertible

= lgo LB s euertible

F2-3 Q1> T

L}g : }Q m— RN
/’f’ s orto =7 ZA b onrto = [/? ij onto
;> éﬂ /AM V@/"ﬂ.})? :> L/Z {.S /Fy) (/077‘_[“(

24 05 mvesrive
= / ' /Z
7/ i mrgit



17.7 Let V and W be finite-dimensional vector spaces and T: V — W be an
16. Let B be an n x n invertible matrix. Define ®: Myxn(F) — Mpxa(F) _isomorphism., Let Vo be a subspace of V.
by ®(A) = B~1AB. Prove that @ is an isomorphism.

(a) Prove that T(V) is a subspace of W.
(b) Prove that dim(Vg) = dim(T(Vo)).
we canchak B s (neyr SiNQ
o - (o)
B B (A+cD)= 37 (aecd) B

]

B v €T(W) e g=TH) da T(K,),
B (AB) t plbB

BAR + <k DR

we have Y+, = T(44%) CT(o)

Cy = TCC%,W/:»Z @\)

sine Vs & 0 Supspae so 0= o) €T(V)
’r(Va)fs Q Shbs)pa@ of W.

)

1l

(b)) +B (D)

@ WY Wnjesive smee i “Bo)=D'AB=0
“"‘6}‘\ W ‘/I(AVS k B"AR B]'I':- BOB"J So) tor (5)

- we am cpsider a mapmg T fiom
A:BDB/sD /i N

!V. % -rEva) } by T/ = Tet) Por all ,cer/
h [-["5 noctu e T i sur)ao-ﬂug
V%) j euch we have
[l s ewrpcive gine for D W tloo TR sine T ls ingesive
Y= gl -l
ot B(BDBT)= BI(ROBVE ) enson trooen,

= D.

dim (V)= dim (ner)) & dim (R (7)) = dim (TIW)

‘T/ : \/\9 —> Ttvﬂ)
7 pey= Tk

i (V)= di (v (7)) 4 30 (RET))
- &\M(T(VU))



Example 7

Consider the polynomial p(z) = 2+z—3z2+5z. We show that La¢s(p(z)) =

Recall the linear transformation T: P3(R) — P2(R) defined in Example 4 of 6, T(p(z)). Now

Section 2.2 (T(f(z)) = f'(z)). Let B and v be the standard ordered bases for

P3(R) and P,(R), respectively, and let ¢: P3(R) — R and ¢, : Po(R) — R® 01 00\(? 1
be the corresponding standard representations of P3(R) and Py(R). If A = Lada(p(z)) =10 0 2 Of | o) =|-6).
000 3 15
[T]}, then 5
010 0 But since T(p(z)) = p'(z) = 1 — 6z + 1522, we have
A=10 0 2 0]. 1
000 3 64 T(p(z)) = (—5) .
15

So Lagp(p(z)) = 6, T(p(z)). &

18. Repea‘t Example 7 with the pOIynomia‘l p (2) =1 +z+ 21‘2 + za' Try repeating Example 7 with different polynomials p(z).

G b 18 T sw Lrp (pm) =By Tlpm)
Ll L))y

g fwd L
“A‘ @1 A @ find Fa (pr3?)
-[7); 1
T R)=> Pr)  THm)= $41) = Loty
)y v pou= 42 +20712°

¥, v
’:(I) XIZLﬂlH ’{\Iil’& ‘]

T(H=0 1 © e

()= \ mf;{o P ]
TOH)=24 © pSs
T()=

So i = [

find ¢y T[()(w) | I
O |0 g | - - —[' )
® qu%))'> T( Hl{’)_{'q,ﬁ) Q 8%2‘9 B}K?j ( 2’ ) ¢), (P(DL)
RSV 3 %

A1l [ ¢

¢/3 (pen)) = ( i )
4% |

!

ovo

o
0

Q ©O0

y o O
09.0]
oo 3

w4
@ Sho L (0D =3, T(pow)

a

L g Cprny= BTy



19. In Example 5 of Section 2.1, the mapping T: Max2(R) — Max2(R) de-
fined by T(M) = M? for each M € Max2(R) is a linear transformation.
Let 8 = {EY, E'2, E*', E2}, which is a basis for Max2(R), as noted in
Example 3 of Section 1.6.
(a) Compute [T]g.
(b) Verify that La¢g(M) = ¢gT(M) for A =[T]z and

‘ M= (; i)
o dor 19 t@) sol for 1(P)
0 Compsie (A p veris fct La Pp) = ¢pT[M) ‘F""*’E’jf
Ti Mo () =7 Lpia(R) TED= W w=(%%
e B cotp - 4(4)12) P22
|0 © © o QJ_‘_ 4,E9—L
T(E")= ('0‘3) ETJF 0O “) ‘()) — Yg'4)L E™*DE
ol |
rev): (68) 000 | %) = @p)
T8 (%o
T(.E“’)-’- (Z \) L‘i] 'ET[M))jP

Ti)= Mt = (l;d
2 (3)
@ v AplM)

o-00
o0C-—-o
—000

c00—
AW —

)

APL

Sl 9€P(M)= ;éﬁT(M) @



20.T Let T: V — W be a linear transformation from an n-dimensional vector
space V to an m-dimensional vector space W. Let # and v be ordered
bases for V and W, respectively. Prove that rank(T) = rank(L4) and
that nullity(T) = nullity(L4), where A = [T]}. Hint: Ap@

to Figure 2.2. W)
Y

pn T
( \/ i 6 ! L iy Fgwe /diapom?
>

=073,
%l LA “jy./’)?é:’” LAQSE—'/%T
n o> R
R D [ (V) ley

FW\/@@ yonh ktr): yYink CLA) &) V\u([H\( (1) = VM“H’V (Cp)
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2.5  The change of Coordinute modkrix ) Fw

. For each of the following pairs of ordered bases 8 and 3’ fo(f? find
the change of coordinate matrix that changes f'-coordinates #ito 3-
coordinates.

(@) B={ei,e2} and ' = {(a1,02), (b1,b2)}
(b) B= {(_1 3)7 (2)_1)} and ﬂl = {(0’ 10)»(5!0)}
(© B=1{(25),(-L,—3)} and &' = {es, ez}
(d) ﬂ = {(_4a 3)7 (27 _1)} and ﬂ, = {(27 1)7 (_4! 1)}

o plael perosd et
[@..M]PZ C(110)+5(01)= b 0n)

YW=l Y=0s
f(b,.bzﬂlg, — XL Ay (21)= (beby)
A= by Y= b
0 b
L: 0o Yop
Pipes
Clo) (o)1)

© p={(25).013)] p= feuts]
LUol)p= X Q)4 (-1-3)= (o)

2X-Y =)

Jsagyze
-y = -5
b 3= 3 o3
Y- GrEy = -
K=1

3

(%)
Tlo)) - k(25) 4y (-1r3)=(0)
24-Y = o

éifgj/”o
DIy Bk e

o Y=-2-

(

—
—

—-2-7'.‘/0

-
-2

3. For each of the following pairs of ordered bases 8 and ' for P2(R),

find the change of coordinate matrix that changes $'-coordinates into
[-coordinates.

@ B = {z?,z,1} and
B = {a2z2 +a1z+ ao,b2$2 + bz + bo,CzZz +c1xr+ Co}

Sofurtoy

fag?cl+ a;%*ao:]/} = \ o

[ bywH Imc“ao]}; = ('ﬁ
bo

G2
O

[oascsedp= (&)
D2 bl C;
& = o b\ C
(\40 Mﬂ CJ

/]

) = (%C;—\ wm
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@ Let T l.)e the linear operator on P(R) defined by T(p(z)) = p'(z), @ Prove that if 4 and B are similar n x n matrices, then tr(4) = tr(B).
the derivative of p(z). Let 8 = {1,2} and f' = {1 + 2,1 - z}. Use Hint: Use Exercise 13 of Section 2.3.
Theorem 2.23 and the fact that

6"

nE-(55) @ PN Tivartibe matt &

[ A and B ore similte
we have A= &' B for soe

[SIE S
W= N

to find [T] B

T(1)=0 - kﬁ -21.- ) o) ) | |> 50 we WhWave
EIGZ=(:-'|) UL (M= (" pa)
= (o ; = —(Q
e k —;:)('-') rLaas
[H%]F= Ot 5A= (4oL 5 l 4 = -H\(’B) a
2 2
0=l b= L
(% &)m

Cexdp = otba=t-o <,>
o= [ bev)
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7. In(RY, let L be the line y = mz, where m # 0. Find an expression for
T(z,y), where

(@ T is the reflection :f R? about L. TC?‘N): ET] }3 k;)
F o) /
\ \‘\\‘. ‘
T myeeriy g
(1 on VAN
m("‘(ml m’/(’”‘ o
“(wrlla)
m\
D oet B ond g’ o) )

l+m> W R
_gn -9~ U m="
\J\W’:\\)//W\ k| n<=0
=\



