
Section 2.
2 Hw problems

TRUE
TRUE

TRUE &s nxm matrix

TRUE · number of rows= dim W = n

False · number of columns = dimv = m

[T]= nxmmatrex.

*IfT: R
*
-> R3

,
then m= 2 ,

n=3
,
3x2=[T]

->

(t]= (2)
-888 #5-(b)

E using 2

T: Pe(R) -> M2xz)R)

MIDY +Sfa = (+0) 20(88) + 2(86)
4 Using B +I = (02)Th
4ToTh =(g)[]I Tolto(i8)

Musing & +z(8i)
↓

(1 , 0 ,
0 . 117 [+J = (1,

0 ,
0

,1)
thesum ofits diagonal elements &Using

T(V)= V, +Vo = V,

T(V) = Vz+ V/

- i

[T]p=)T(Vs) = Vs+Vz

T(Vn) = Un +Un +1

G & &
&-

V=B=e, e2 ..,
en7

Since dim(v)= dim (W)
W= Se,... en]
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2 . 7 Theorem .

T : V -> W YEV
,
Tlew

pt. 2 Kronecker notation

Sig= 96 it is it's Then [T())
v

= [T] · [i]

Iunidentity
marit

Note : Coordinate rector of output = matrix representation
X

196722 ,
2239

coordinate rector of
En= (i) In =(000 el

y (1,
2 ,

22]
original output19x

properties : 0 A(B+C) = AB +Ac X distribution law formatrix EX. +: Ps -> P2 dyi(fi) = #Ser)

②a(AB)
= (aA)= A: (aB)

Also distribution law for Matrixo

Let P(x)= 2-41+
2

+37793

Verify [T (px1)]r = [T] · [Pl]s
number

③ IA= A Al-A Since I is identity matrix Pf. [T] =(8) right side
-

Dimensionis

# Iv : v -> v identity transformation

[r(X) =

regardingetrit x assumeresizeis
matched =

=

([Ir]p : In Il

multiplication

Note : A= A. A
Cancellation law : Not valid for of B same

A3 = A . A2 Matrix
AB = Al + B= C

multiplication
# = In e but doesn't hold For

left side X
matrix multiplication

② No cancellation law for matrix multiplication. T(p(x))= -4+ 2x+9x291 , 347224mmm

↑ =

(99)== (88) [ +Spxx)]r = (24)
↓

Theorem
.

Amxn , Baxp coordinate of r

Let Uj = 5th column of AB

Vj = ... 1B

Then (1) Uj = A-V,

theprof (2) Vi = Bey where est fith
say?

nervous pf. (U =

/, I /jth column of

rem this AB

about
(AB) mj -

firsthow , uj

second now v

-

Ins

(2) Apply (1) to Bl= B



Def .
Given Aman/B/r

Define La : R"-> pm

by LCF)
where

Ynxz

LA is called left-mutiplication transformation

Ae = first
Theorem : (1) [LA], = Amxn-

> check the column

reminder

(2) <A = Lp ift A = B

(2) LA+is
= GA + LB

(4) LAD = Lad (D Aman

Bmxn

Dnxp
Theorem :

(AB)C = A(BC) A
, B, C matrices

& Association

pf. LAJBC) = LAOLB = LA0 (LBO(c)
= ((0(b)ohc
= LAB OLc

= L(AB)C



Ex

El first , we need to define [T]h
T : P2CRS-> M2xz(P)

T(f(x) = f-Sinary (

T(= (3) Th = (82) [T] = 10024+3T( = 16:)
T(= 0.(08)+2(86)+o(88)to (8)
Th = 1(88)+c(86) +o (i8)+o(0) [frcSp = forT( = 0(08) +2(86)+o (98)+2(Y)
&) for the (D) [T(fix]a ,

where fill= 4-60+ 37h

[T(fixs]r= [T]ph[fi]p
=(e)=

# forthe las [TIA where A= 11 ,%6)
let's compute [AJL first.

[A]= =(8)++(80) -1(i8) +o(89)

=() why to Et]
since In Exercise 5

, T: M2x2 (F)
->M2x2(7) is TCA) =At

xl =
1 bytheoremIn = [J"[A]

+ (08) = 100% =-> [i]s :(a
-12

= 2/

- (80) = (98) ITSA]L = () = )i(m↑(i) = (80)T
(

4 = 12



sol+U(y)= (4 ,0) Then UT((,y)= U( ,01= 10.
0)

&: GSD) So UT= To as required

Lukeand simialy, Tv(xy)= T1y ,0= 4 ,0)
If YO then (y,0) is not the zero vector

EX- U(3 ,5)= (510)

- takes (X, 3) and keeps only first component Therefore TV # To
,

as required

ET(3,5) Let B be the standard bug's

= (3 ,0) Then let A = [Up That'sto] and B =[] it follows that
B = [T]

AB = [0870 BA-T80'] Fo ,

as required.



#11 .

R(T)= range) all outputs ofT)
NCT) = null space Call in putsthat Thaps to zers

# Assume RCT)<NST)
Then forall vEV

,
TERST) & N(T)

soTv = JCTU) = 0

As V is arbitrary T=0

& suppose T=0 · Then forall VERG)

there exists WEU such that v = Tw ,TV =Tw=0

VEN(T) . As vis arbitrary, we have R()- N (T)

Therefore, Te= 0 if (2(7) - NIT)

# 2 T= V-W

V : W-> z

onesolution(a) prove that if UT is one-toone, then Tispeto-one
at most

MustU also be one-to-one ? =M

Let VEN(T) . Then Tu =0
,

so UT(U)=0
·

As UT is one-to-one, v=O so tis also one-to-one .

UTFId

(b) Let ZEZ
. As UT is onto , there exists ver such that Ciclentity map)

z = UT(v) = USTIVI)ERCU) referto 2.
1. 21

As E is arbiting, U is onto.

2) W
.T on tooneonto

L+zEE.

Then there exists weW such that E=Ur. Ast is onto
,

thereexists re U

such that To= W . So z=Vw = UCTr]= [T)) ERIUTI· As Z is arbitaly,
UT is on to

Let VENCUT)· Then 0 = UTH) =UCTV) · So TEN(U) = 107

Hence TV =0
,
VENCT) , U=0. As his arbitruy,

UT is one-to-one.

Hence UT is one-to-one & outo

# 13

tr()= Air

tr (A)=At=A) =+(A)

tr(A)=Ail

trSAB)=Abl=ABBA
= tr (BA)
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32.4 Invertibility & Isomorphism EX . T = P,(R) -> R" by T(a+ bx) = (a, a+b)

Ex. fill=- ↓ ind T+: R
*
-> P, (R)

g(74= 4) f(g()) = x find (2d) - ?
f(2x,y)= +x+24

↓
② f(x)= < pf

.

YT(a+bx) = a+ bx f(x,y) = x2+2y

c
inverse

?

It

2x4)= [1 Similartetileo u(a, a+b)

Def T: V -> W tion u(a , a+b) = a+ bX

u: w -> v
b= d-C

- 4

-

>
U is called the inverse of t if TV= In and UT=I

properties : O (Tr)" = U:T+

&

lef Anxn is invertible if I Buxn Such that AB = BA = In

② (T")"
= T denote B= At

usefulne T is invertible <=> T is oneto one and on to

#of (utoT+) 0 (Tou) = 10 (TOT)oU * T:->W Ex A=(5) At =?

= 40 Iou u: w -> V =>(=A
=

u % U u% v -> w (5)() = (ii)
= I T = W-> V

(ToU) · (U"oTH) = To (UOU")oT- 5a+ 7c = / 2a+3=0

= To IoT+

Sb+7d = 0 2bted =
1Someatrkmultiplication

= ToT
+

= I

②

③=> Suppose T : v -> w

investing

- U : W- V st UT=I TV=I

&

Atremember
n is

transformation G
. Why i is one to one ?

If T(x) = T(y) ,
then U(T(x) = u (+(y)/

" = X = Y

9. Why T is onto ? Note: the inverse At is unique finite - alim restorspaces
- NEW ,

want to show JVEV -m

St T() = w · Note : T is invertible v -> W

let 5 = u(w), then Then dim (v) = dimsw)

= T(v)=T

pf : nullity(i)+ runk(T) = dim(r)

I Il

dim(N(T)) dim(RCT))
II II

O bc T is dimiw)bTin
i

oneto one

Here RST) =
W

(
O+ dimsw)= dim (v)

: two rector spaces have same dimension



Br basis

Theorem , i: v-> W

↑ is invertible # [T]
p is invertible

furthermore
,

It"]? = ([T])
"

In = [Ir]p = [TtoT]p
[T]3.

one is inverse of the other



2.5 change of Coordinate matrix

E Reflection problem (Hesaid it's interesting)

[x]p = (a) Coordinate vector in relative
find the reflection T about line y = 2)

to basis B
(a ,b)

T(y) = 3

Q . What happens if we change the basis ?

(le+ B = ) (d) ,
(i)) Standard basis

Theorem . Let B'and p be two ordered bases for res space *↓ I

In : v- > V identity transformation

B' B

-> They are dependent

i(k) = (2) * T(2) ?Let Q = [Ir] BB so we choose different points

Then (1) Q is invertible So T1-4) from y = -El which is a perpendicular line to y =zel

points
(2) v = V

, [V]p = &[B]p: T(-) = ( -3)
A

trickypart chostline perpendicular retnotice
El

Let p= <(2),
(i) ->

not parallel be a basis of R2# III Iv is invertible => Q is invertible

(2) [v]p = [Ivs)]p = [Ir], [ ]p
= Q . [B]p 553p = 10-i)

Note :DQ is called the change of Coordinates matrix

-
It changes B'-coordinates to p-coordinates

why ?

& If a changes p'to B than Q ' ... B to p T(2) = (i)
EX . R2 B

= ( (2,4) , 13 , 13 7
, B = /S1. 1) . (1 ,-117

= 1)() + o)-3)
find Q = [Ir],

i) -Y) = a)k) + b(-)sons In(i)= (4) = a(i) + b(+)
I a-2b =

2

< identity !
= 3( ! ) + 1 1)(b)

2n+ b = - 1
a+ 2 = 2

a= 0Ir(i) = ( i ) = 2(i) + 1(t) 20- 4b = 4

&- b = 1

= a = (ii) -5 = 5

b = - 1

Theorem
. ↳

T : V => V a = [I) = (2)T: linear operator
i

[T] p = @GargeaThen [T]p = Q. [T]p . Q where Q = [Iv]
#In : - Q[T]p' = [T]pQ [T]

p
= Q[T]p,Q

-

i !
= (ii)(i) i)compositionChecka

It's main

Lef = QtT]p = [I] · [T] = [*] ina =)
= [ToI] = [T] [I] = [T]p · @ = right

so + (b) = [T]p · (b) = = (i)(b)

= )-a1 lef. A
, B E Maxn

-
invertible

B is Similar to A if ]QSt B = Q AQ

Note : [T]p is similar to [T] ps



2.5 textbook .

2. 5 The change of coordinate matrix Example 2

<se+ up]

↑ coordinates relative to a basis" mean ? · Buses from EX1 .

· A Vector inRe san be written -- depending on the basis we use
. B= (SI

. 1),
(1 . -17 p'= (12 ,4)

,
33

. 1) 7

ex) . ↑ (a, b) = (3x- b ,
a+ 3b)

standard basis e = 11, 0) ec= (0. 1) I Compute [T]p
then the rector (3 , 1) has coordinate (3, 1

· v = ( , 1)

But if we use new basis , say B'= (12. 4) , Bit) Y
,

then T(1 , 1) = (2 ,4) = 3 (1 , 1) - 1((i))

the rector (3 , 1) have differentcoordinates
. => [T (1, 1) p = (2)

· v = (1 ,
- )

* The change of coordinate matrix Q . T(l,1) = (4,
-2) = ((( . 1) + 3(b +1)

If [v]ps are the coordinates of avector win basis B', then => [T(1,)]p = (3)
[v]

p
= QIVJp .

[Tp = (3)
↓ when we want to compute the matrix of a linear

operator ↑ in a new basis,
we use : E change of Coordinates matrix &. (from B'->p(

[T] pl = & " [TJpQ .

a = (ii)a"= (+)
Example 1

.

B = ((( , 1) , (1 ,
-1)4 & convert the matrix of t to the B'basis

Bl= ((2, 4) ,
(3,

1)7 [T]p1 = & " ITJpQ

#) express each rector in p' using & EJpq = (ii)(y, 3) = (85)
So we find constants Co . Cz .. Such that [i] = @"[T]pQ
Q (2, 4) = C (1 . 1) +C(l:

-1) C + C2= 2

(C +(2
,

G -(2) 24 = (e)(5)= (2)
24 = 6

So (2, 4) = 3 (1 , 1) - 1 (1 ,
-1) (1 = 3

(2 = - 1

② (3 , 1) = G(l. 1) +(11+ )

= Citi , 2 -(2) &
24 = 4

C = 2 [2= 1

So (3 , 1) = 2(1, 1) H(1 ,-

& Build the matrix &

Q= (32) => That's the change of coordinate matrix takes

coordinates from the p-system to the B-system .

↳ How to use Q .

If you have avector v
,

and you know its coordinate inthe B-basis, say

[v]p) = (d) EvSp = Qtr]p = (-39)(0) = (i)
So that mean? (2

, 4) = 3(1 , 1) - 166, -1)

exactly as we found before
.

# summary : [T]1 = &" [TJpQ



Octo 2025 Review for exam2Schapter 2)

52.5/B' / B

S2 . 1 linear trans : v->
w

T(X +Y) = c. T(z) + T(i) Identity
N(T) ,

RST) [Iv] = Q

Dim Thm. Dim(r) = dim (NSTI) + dim (RST)) T: v-> v

T is H> N() = 187 [T]p) = Q+ [T]pQ
If dim(u) = dim(r)

, solt onto

52 . 2 T : v -> w

*problems ,
last one is proof .

S -
u

, m

B , 2

[T] = [TCB1]r
2.
E[]p1

=@Q" [T]pQ
32 . 3 noT/a/B B

suppose T : V W u : w- z

[UTI = [VIE [+T
canned

I
-

Ea
#> [IvoT] STOIr]

[T (8(]p = [i] [v]n

(AB)ij = Ai Bkj

Aman (A : R
*
-> &M

i -> Act

B in
-

S2 . 4 T : V- W *invertit solved question
If T is invertible

,
then

2- 4
dim (V) = dimsw)

[T- 1]B = ([T]]) # HIP
j

I

Sin- m 11
v = Amen = [+], w· -

Q

T &

400p() = 00 + ) v Fev
: B' = P

- TIP Q

E2p



2. I Linear Transformations, Null spaces ,
and Ranges

13911 12 13 14 15 1617

D
=

RST)= SpanTTSBI
= Span(/TC1) ,

TSec) ,
TKRY

Example11 B= (1, 73,7524

-
T : P2SR) -> P3SR)

Tsfass)= 2f'sx) + %
*3f(t)dt

6setdt
R2(T)= SpanYTSp(Y)

= Span(TC), TR,Th
= Span/3x , 2+**,

post+
3 4)

linearly independent,

rank (+)=3

dim(P2Cr1) = Rnk(T)+Hullity ITS

3 = 3 + 0 .

↑ is one-to-one .



Q &
& ⑤

⑭ /

&) prove T is IT

↑ (a ,a)= (artac ,
0

,
20:-az)

(2) T(91 , 9r) = /Sing,, 0)
let < ER , <,yE R2

where X = (brb2) Let CER X , y ERz

y = (d .,2) x = (X,, x2) y = Sy,,+z)

(X+y = (2b i+d,
(bz+ dz)

xx+y = ((x, +y,,
(Xz+yz)

+(sety)= [Cbitdi +Cbatda ,
0 ,

2 bitd- Cb2-da)
TSx+y)=Sin(ax,

+y, ) , 0)

= (s (bitbr) +difd2 ,
0

,
<(bi-bz) + di-dz)

5 (2) = (Sin CX1 , 03 #

=> +((x)+ T(y) T(y) = (Sly,, 07

= <T(x) + Try) ↑(c)+ +(y)=InSx1 + Siny , 03

SoT is linear

& find bases for both NCT)
and RIT)

R(T)= Span(TJB(Y)
= Span T(ai) ,TCazlY
=Span/(1 ,0. 2) , (10 ,

-114

They are linearly Independent.

so dim)RST)1 = 2

By dimension
theorem ,

dim (R2) = dim JRST)) + dim(NCT))

2
= 2 + 0

↓im SNSTIE O

Nullity (T)= 504
.

③ T is onto? One-to-one ?

first ,
dimensin dim(R2) [dimIRS)

which is leading to one-to-one

Also , nullity (i)= 90% .
It's one-to-one



nIm
one-to-one him onto.

-

# notethat [Ui= (1, 1) ,
Uc = 12, 3) Y is LI

# note that (U1 = (1, 0 , 3) ,
Uc = (2.

0
, 6) 7

there fors a basis of R2 is not linearly independence,

E Any vector X= (X,
, Xz) would not satisfy the def of LT

=> (x, , x2)= a(l, 1) + b(2, 3) indeed,

a+2b =X T)-2
,
0

.
-6) = T(-2 (1 ,

0
,3)) = (2, 1)

G+ 2(Xz-xi)= Xi
2+ 3b= X 2 -2T(1,0, 3)) = (-2

,
- 2)

a= 3x ,
-2x2

- b=- Xz + Xy

b = X2 -Xi
[2. 1) + ( -2,

-2)
i

(x , xx2)= (3X,
-2x2))( , )) + (x2-x, )(2, 3)

↑(x,x2)= 3x1 - 2x2 [(h) + (xz-X,>T(2, 3)

= (3x1 -2x2) (1 ,
0 ,2) + (x2-X , )() + 14)

=> (3x1 - 2x2
,

0
, 6x14x2)

X
ENTI, 11) = (16-1,118 , 10)

= (5 ,
-3

, 16) x



Sold

suppose and--ass are arbitrary scalars

Such that C , V +Azzt---+akVc = 0 . V

we must show that G=d2 = - -
= ak = 0

we have T/gV +-- takU) = TCO.V) which is

0 W Since Tis linear .

Also, by linearity , TJai+---tart)

= ast(V)+ AcT(V2)t----aITIVk)

= a ,
W , tazt .

- - + akWk = o . W since

this equal to the ou

and W,,22, . . . . Wi is LI

so we conclude that a .. 92 .... ak= 0
,

as required in If T is onto RST) = W

RST)= SpanKT(B > 7) = w



-

/2, - -

-

# To prove T is linear, we need to show that Il To prove i
is onto,

we need

Tafe) + goolS = c T2fix] + TIGSAS to show that for any
element gas in PCR/

figE PSRI- Scalar C . we can find

↑Jafix + gx)) = S." (f((fg(t)dt f(x)= -grey dec in PSR) Which

= Cf(x) + gs) SatisfiesT(fixl) =g(x)
= cTSfsii] + T(g(21) is S

&)(3 is in RCT)
· T is linear

.

E To prove T is one-to-one we P(R) [ R(T)

need to show that R(T) 1 P(R)

T(fix)) = TJgc) implies for
=g())

R(T) = PSR) -> T is onto .

Suppose TSfix) = TySx))
El To prove + is not one-to-one

Soi fitidt = So"ectide
T(l)= T(2)

= 0

fil) =g()) ·

N(t) = 104 .

: So T is on-to-one

-> T is not one-to-one

El To prove + is not onto
,

we need to

show that there's a g E PCR)

Such that T1fxll) + giS forall EPIR) -

let guleC ,
where his nonzero

constant.

Suppose +(fss) = gxx) ·

Then Sol fitidt = C f(x)= 0

---
Fsels= C E(2) = fixes

F(())= 0 &D)=0 .

But if fallo,
Then(f)

= % "o . d= 0

which is notc

: So TJ fixs) + gall .
Therefore T is not onto



(9) suppose + is on to

Then by theorem, ank(T)= dim
(w)

dim JRST))

By dimension theorem
rankt) Ecline

(W) .

dim(V)= rank(T)
+ nullity (T)

by we assume

dim(w) > rank (T) +nullity(T)

dimsw) > dimcw) fullity (T)

8 nullity (t)

contradiction -- nullity is always a hornegative

integer .

(b)
Suppose ↑ is one-to-one

The n by theorem dimiv) = runkit)

since nullityst]
=0

By dimension theorem

dim(r)= rank (T) thullity
<T)

(w)< rank (T)

But this is clearly impossible ba

Rst)
i a subspace of wand

therefore always has dimension less than equal

To the dimension
of w



2. 2 The matrix representation of a linear

transformation 5

.

1 2(a) 5 (b ,c) gonna
be 3xtrix

2.

10 10

- gonna
be

theatrix

Sol for (a)
(b)

-
T(ai) = (2 ,

3 , 1)

T Sazl= (-1 ,
4

, 0) (c)
L 2

Sol for (b)[T] =1 T : PCSR)-> M2xz(R)

↓ 91 , 7, 7324 [+] =/)
+(1) = 108)
T(x = 10

%

)
T kil = (2)

Sol for (b)

T: M2x2(F) -> F by T(A) = tr(A)

&
SE"E"

,
E4

,
E3Y

T(68) = 1 [T]? = (1001)
T(% ) = 0

T(i8) = 0

T(8% ) = 1



10.
16.

B = /V, Va,
... UnY

Define Vo = 0.

+(v)= +V=T(Vz)= Vz + V
,

T(Vz) = Vz + Vz

·

TN)= Un + Un-1

# let n = dimV = dimW

and k= nullity (T)

choose a basis B= /V . V ... /K , UkH . - -, Un4ofV with PV....,Ya basis of NCT)

(extend any basis of NST) toabasis of V.

& Set Uj = T(rj) for j= KH ,
. . . in

Then [UKH ... , UnY is a basis of RST) : it spans because tof a busis spans therange

it's independence since GUj =-T*uj) =0
,

j=kt)

So Gug ENCT) = Spann ..., UkY ,
which forces all 2= 0 by uniquenessof

coordinates in the basis B.
Because dim W = n

↓im RIT)= -K , extend to abass of W:

v= /U .. -

.,UKUkt ..., UnY

E Compute columns

For JEK , TLVjo -> column Jis O

ForJIk+ T(j)= uj
-> column) is the-Coordinate restorej

Hence ETJB= 18 nc) = diag 10....,0
,
1

...., 1)
a diagonal matrix

25 19
K n - K



2. 3 composition of linear transformations and matrix multiplication

1 2(b) 3 4(9 . b) 9 10 11 12 13

T: V-> W and U : W - Z

I is

[vi]Y = [v] [T]

T:
ueV

[T(u)]v = [T] [n]B

(A : F-> =M

<A(y)) = All foreach column rectorEFM

↓ a left-multiplication
transformation

EX4

A = 164'2)2+3

At M2xz(R) and L : R
3
-R

(fx = (4)

↳ (1) = Ax= (032)(2) = (4)

* matrix multiplication is associative

A (BC)= (AB)C
* matrix multiplication is not commutative

AB + 13 A



2.3 Composition of Linear Transformation and Matrix Multiplication
1) 2(b) 34(91b) 911 12 13

T /F ( Calculation - L proof-

3x3 metrix

↑ -BB12
-

simil> 3x3 matrix

= f(Sx)(3 + x) +2f(x)

SE"
,E' E4, E2Y

13 J

Sol for (a) Sol for (a)

2 # compute [TJL
Il compute [U]B E

compute [T]p [+ (A)]a= [T]@-[A] d
T"= (08) [T]h=/u(l) = (1 ,

0 , 1)
T(l)= 0 +2.1 = 2

= [TJ2 · [A]d
TJE*)= (08)

T(x)= 1. (3+x)+ 2x
v() = (1,

0
.

- 1)
= 30+ 3

↑JE2) = (86)
US4 = (0 ,

1
, 0 )

↑ <(2) = 2x((3+>)+ 2312 El compute[A] a
T(E2) = (89)

[v] = (6) = 4x7+67 E [T(A)Ja

[T]p = 1304) - ==
ESTUTJE= [v] [T] p

Sol for (b)
= (14) [T(f]2 = [+] - [fs]

p

= (2) ⑪ compute [T] ,

)
Sol for (b) 8 - 13

+6

Il compute Inser]p
+xx) = 1%2 ) ↳ [T(f(x)] d
E compute [fDDJ p

U(2)= 3-2x
+22

-4->x +3 ,5) = ( )
= ((-)

thausp = (34)
& compute [V(h()]

= (2)
[V] [hDr] p

= (a)(2)
= (i)



It
was on

au
-

-

-

=> suppose TETO
Let U(XiY) = (4, %)

T(X ,y)= (x, 0)
for any rector rEV

we have TCTirl) = TV/To(V) = 0

UT (X ,y)= v(X, 0) = 10. 03 = To
Therefore , T(v) E N(T) for every veU

TV (x ,y) = T(y , 07 = (y,0) # To

E Suppose R(T) [N(T)

for any rector ver
(e+ A = (86)p = (08)

we know T2r>- RCT) ,
and R(T) -N(T),

AB= (80)(68) = (88) = 0 it follows TCV) [NIT) ,

Then Th()= TITII) = 0

⑮

DA = (08) (86) = (86) + 0



Sol for (a) ① +r(AB)= (AB) ii
# Show T is 1-1

suppose UT is 11

=A BiTake vE NCT)
Then UT(v) = v(Tir1) = (10) =0

Since UT is 11
, only restor mapping to is V =0 R

N(T) = 107 =Bis11 T is one-to-one

E Must U also be 1-1 ? = (BA)jjcounter example
j=1

Take V : R" -> R"defined by U (X, Y, z) = (X, 2)

T: R-> 13 defined by T (x,y) = (X, 3 , 0) = +r(BA)

Now the composition
-

UT (x, Y)= v( X, y , 0) = (X, Y)
That's exactly the identity map on R2

There foreI may not be one-to-one ② tr(A)= (Atii

sol for (b) =ii
Il show u is onto

Suppose UT is on to

Take any zEE ,
FUEV st UTIVI=Z

Since UT is onto
,

- UTCr) = UCTCs)
so everyzEZ is the image of something under 0-

That means Visonto

⑫ mustT also be onto?

Take V(X, Y .z)
same counter example

Sol for (c)
↑ show that Ut is one-to-one

suppose VE NCT)

Then UTCr) = 0 v(Tsul)=0

Since U is one to one
, this forces TCV) =0

Since T is One-to one , this forces V=0

Then N(UJ) =PoY

UT is 1-1

El show that UT is onto

Take any ZEZ

Since V is onto
,

there exists some we W

with U(W) =

since T is onto, there exists some ver

with Thr)= w

So UTIV) = UCTIV)) = v(w) = E

Thus , UT is onto s



1 2(e ,f) ⑨ 20 Oproof

⑨ 18 * calculation
2.4 Invertibility and Isomorphisms W

Sol for (C)

according to the dimension of
T

,

T(ai) = 13 03)- [T] =(3T(92) = (0 14)

T(as) = (-2
,

0
, 0)

5

.(() :(

(a)-PRT)
= atzbites a

dimension 3

En =[8] En= [8b] Ec= [i8] E22=[89]

TIEn = 10to

T(E(2) = 0+ 2x+ 0
E7= Toc88 I

0011
T(E21) = 0 + 0 + >2

T(E2) = 0+O + <32
-> Three rows clearly independent

so runk (T)= 3

By theorem, rank-nullity theorem.

dim (domain) = rank (i) + nullity (T)

4 = 3 +1

: So T is not injective ,
not invertible

T is not invertible as it is a mapping
between spaces of different dimensions

(f) T: M2yz)R) -> M2xz(R) +(b) = (a++d)
↑En) = (00) ITJ=ToT(E,2) = (6 % )
↑ (E2)= (ii)
↑ (E2) = (8i)

Plo O O

"To
dim) domain) = cank(t)+nullity (i)

4 = 4+ 0

nullity (T)= 0

Tis invertible



(AB)(B " A+ ) = A(B(BA) /
(A

- 1)+ At = (A Alt
= A((BB")A") = It
= A (IA") = I
= A A-l

= I At (A+ )
+

= (AA+ It

= It

(BYATYAB = 13 " CAYAB) = I

= B
+ (IB)

= B-13

= I

If A is invertible , then A"exists Sol for (a)

so we have B = A AB = A 0 = 0 I Assume that A is invertible

Then A "A" = A0

AAA = 0

IA = 0

A = 0

But this is a contradiction ,

since the zero matrix is not invertible

Sol for(b)

11 Assume that A is invertible and b0

Then A+AB = A 10

IB = 0

B = 0

contradiction ,
Since bo by hypothesis

-> AB=0 implies A not invertible ... ??



??? Square matrices

T

prof answer.

Sol for 9

If AB is invertible then LAB is invertible Anxn
,

Buxn

so Lab = La is surjective and infective
AB is invertible=> And Bare both

invertible

And thus La is injective and his surjective

b method 1 : Let C = (AB)
+ So

But since their domain and codomain has the <Direct -> Then AB

same dimension , they are both invertible proof
A(BC) = (AB)C = I

must be exist ??

f

because we assume C= (AB-1)

I=> BC is inverse of A

A - B B A-1

idea of BC .

(CH) B = s(AB) = 1 = CA is inverse of B

If method : AB is invertible

=> LAB is invertible

=> Lo Lp is invertible

↑
#2 . 3 Q .

/2She1-1 implies onto

same dimension

It is onto-> L is onto
=> up is onto

=>I invertible
=> Ip is invertible

=> A is invertible

=>B
is Investible



me

- -

we can check # is linear since -

sol for (a)

# (A + cD) = B + (A+ c D)B If Y.. 42 ET(o) and y=T() , Ye T(Xs) ,

= B" (AB) + Bt , DB
we have Yi + Ye = T(xtc() ETCUo)

= B"AB + cB- DB (y = +(
=? G

since vo is a subspace so o= T(o)ET(o)
- (A) + c(D)

TJVo) is a subspace of W
.

& It's injective since if TOCA) = B"AB= 0

then we haveIBABB"= BOBY
Sol for (b)

we can coside a mapping T' from

A = BOB" = 0
w

#T(o) by T'Sx) = T() for all -Ve

--
It's natural that i' is surjective

By It's surjective since for each D we have

Its also injective since T is injective

that E)BDB") = B" (BDB")B
so by Dimension Theorem ,

= D . dim (Vo)= dim (NC) + dim(R(T')) = dim (TIOS)

D : Vot T(Vo)

Th()= T())

dim (Vol= dim (N(T1) + din(RCT'))

= dim) TSVr)]



Sol for 18. To Show LH(ps) =Opal)

[px)]p [T()]v
Il find LA

El find Op (PSD
A = [T],

= [P(3]p
T

:PCRPRI ha" p()= 1 + x+277773

T(1) =0

9p(p(3) = (2)4x1
T(y) = 1 [i] = [837ax4
Th()=21

T(3)= 3x2

Soa = 18 (ax4
# Show LPSPAS = PrT(p(s)

E find PuT(px)

& T(p(s) = T) Hi+I++3) 183)( ( =T
=
It47+32

PTspan)= (ii)

↳ diz [pass = PuT(pas)



[M]p [TIMI] B

Sol for 19
. (C) solforK=) for a[i]

Il compute
[T] &

Ti M2xz(R) -> Mexz(R) TCM) = Mt m = (33)
x= 9E" ,

E
, E2 ENY & [MJp = =(88)+ 2(86) +3(i8)+4(i)

TE") = (08) [TJp=(0 = IE" +2 Er 3ELPELL

T(E")= (98) PpTM) = (,)
TJE" (80)
T(E") = (89) E [TSM) CJB

T(M)= Mt = ( 24)

[ii]p = (i
↳PL/pIM)=(6)(

= (i)
: LPp(M) = OpTJM) #



-

How can I understand

· ↓
this figure/diagram ?

di1 L=RT

CH=%)
proveDrankh) = runk((a) @ Nullity (T) = nullity (LA)

0 : rank ST) = dim (RCT))
#17 andOr is invertible

rank((a) = dim(R(LA))

*
key step

R(T) = + (v) S

· dim (R(T)) = dim(x)) = dim (ProT())
SAME!!

Pro T() = 104p(V) be Op is on to

doesn't need
tobe

=> dim (000T(v)) = dim(20Pp(v1)
* dim CLARY)

wholedimension
bC

So I)
-

② trivial from dimension theorem .

we already proved runki = runk((t) and dim(v) = n.

By dimension theover ,

dim(V)= rank (i) +Hullity (T)

Gullity (i) = n- rank (T) dim (Fr) = Lank (1)
+nullity (h)

=
n -runk((x) q T n = rank (t) trullity ((p)

= nullity (ra) nullity SCH) = n-ranIT)

* La:
*

-> Fr

L k))= Al for men matrix A .

· sank ofA

ranis (LA) = dim (range(1)= din Scolumnsparent Al

· nullity of La

nullity (LA) = din SNSrAc) =dimS NEF : + 1= 04 .



1 219 . 2) 3(a)

2.5 The change of Coordinatematrix 71a)D

T

solution

sa) B=Ste p= (a) , (b)a
[ac+ an+no]p = (a)

( , az)p = x(( , 0) +y(0 , 1) = (12) [britbistbo]p = (m)
7 9 , y= 92

[bibz)]p = < (1
,
0) + y (0 , 1) = (3r , br) [C+ >x+ co]p = (i)

x= b , y = bz az

(ab &
Q = I Ul baae (

A

Q = Go bo to

↓ 42b
P :
p + p

(1,0) (0 , 1)

(c)
B = ((2,3) .

7 :
3)7 B= 1827

[(l . 033p = X (2 ,5)+y(- 1
,
-3) = (1 , 0)

2Y

- y = - 5

↳ y= 5

X= 3

= (3)
[ (0 , 1)] p = X (2 ,5) +y(- 15-3) = 10 . 1

2+ - y = 0

Ly= 1

- 2 - y=0

↳ - y = 2

Y=
- 2

X = - 1

= (2)
a= (2)



[T]p : QET]pQY
↑Billin .

[T]p= Q" [T]pQ If A and B are similar
,

= we have A= Q " BQ for some

&
↑ []p = (8) EPITp = @"[iSpQ invertible matrix&

T(1)= 0
= (80)(i) So we have

T(ll= 1

Ga = (it) +~(A)= +r)Q+ BQ)

Pap +17
· (it) = +r(@QB)

= + r(B)[H]p

==
51x]p = a +bx = 1x = (i)

a= 1b= - 1

Ga" = (E)-E
de+ (ii)==

a= -&(ii)
=(

↓ [T]p = Q[T]pQT
* [T]p = Q" ITS pQ



See
- (x,2)= [+]p(Y) =)Imm &

S

aEsp = (m-m)[T1m itme
= (mm) (0)

I set p and B' = (m) (m) im

= (6) ,
(i) p = /(m)

. (1) = find
se

e)
me

# Set Q/Bc+ B')

a (m]p = <(b) +b(i) = (m) IpsetE]p = (6)

= (b) =(h)
① T(m) = a(m) + b(Y) = (m) = (b)

= labm =l
- (-m(p = (i) = (4)

a- bm = 1*MM0
a = (m

-m)du
am + b = m

El Set Q -1 0 + 7
-m) = a(m) + b)

-m) = ( ) = (9)
a

-
= mm) +m) (

a/m-bm2= m2

- am - b = 1
a +m =m

-
-b)m2+ 1) = mi+ / a= p

- b= 1

b =
- 1


