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§1 Linear Transformations, Null Spaces, and Ranges

1.1 Definition and Basic Properties

Definition: Linear Transformation

Let V and W be vector spaces over a field F'. A function T : V — W is a linear transforma-
tion if for all z,y € V and c € F":

T(cx +y) = cT'(x) +T(y)
Equivalently, T must satisfy both:

(i) Additivity: T(z+y) =T(z) + T(y)
(il) Homogeneity: T'(cx) = ¢T'(z)

Note: To prove T is not linear, find a single counterexample. Common non-linear maps: T'(a1, az) =
(a1,a?), T(a1,a2) = (|a1],az2), T(a1,a2) = (a1 + 1,as), T(a1,a2) = (sinai, 0).

Theorem: Consequences of Linearity

IfT:V — W is linear, then:

(a) T(Ov) = Ow
(b) T(—z) = —T(x) forall x € V
(c% T(x—y)=T(x)—T(y) forall z,y € V

(d) T2 @) = 220 aiT ()

1.2 Null Space and Range

Definition: Null Space and Range
Let T: V — W be linear. Define:

N(T)={ze€V :T(x)=0w} CV (kernel)

R(T) = {T(.CL‘) e V} = T(V) cw (image)
Both N(T') and R(T") are subspaces of their respective spaces.

Theorem: Range via a Basis

If 8={v1,...,v,} is a basis for V, then

R(T) = Span({T(vl),T(vg), ... ,T(vn)})

Example: Computing N(T') and R(T)

Let T : R? — R3 be defined by T(a1,az) = (a1 + a2, 0, 2a1 — a).
Range. Using 5 = {(1,0), (0,1)}:

T(1,0) = (1,0,2), T(0,1) = (1,0,—1).
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These are linearly independent, so R(T") = span{(1,0,2),(1,0,—1)} and rank(7) = 2.

Null space. Solve T'(aj,a2) = 0: a1 + a2 = 0 and 2a; — az = 0 give a3 = ag = 0. So
N(T) ={(0,0)}, nullity(7") = 0, and T is one-to-one.

1.3 Dimension Theorem (Rank-Nullity)

Theorem: Dimension Theorem

Let T : V — W be linear with V finite-dimensional. Then:

dim (V') = rank(T") + nullity(T")

Theorem: Injectivity and Surjectivity Criteria

Let T': V — W be linear.
(a) T is one-to-one <= N(T) = {0}
(b) If dimV = dim W: one-to-one <= onto
(¢) dimV < dim W = T cannot be onto
(d) dimV > dim W = T cannot be one-to-one

Example: Existence of a Linear Transformation

Problem (§2.1 #11). Prove 37 : R? — R3 with 7(1,1) = (1,0,2) and T(2,3) = (1,—1,4).
Find T8, 11).

Since {(1,1),(2,3)} is linearly independent, it is a basis of R?, so T is uniquely and well-defined
by specifying its values on these vectors. Write (x1,z2) = a(1,1) 4+ b(2, 3):

a+2b=x1, a+3b=29 = a=3x1 —2x9, b=129 — 7.

T(x1,22) = (321 — 222)(1,0,2) + (z2 — x1)(1, —1,4) = (221 — x2, —x1 + T2, 227).
So T(8,11) = (5, 3, 16).

Common Mistake: To show a linear transformation does not exist: check whether the given
output vectors are consistent with linearity. If the input vectors are linearly dependent (e.g.,
vy = 2v1) but the images do not satisfy we = 2wy, no such T exists.

Example: Proof: T2 =T, <= R(T) C N(T)

(=) Suppose T? = Ty. For any v € V, T(T(v)) = T?(v) = 0, so T'(v) € N(T). Since v is

arbitrary, R(T) C N(T).
(<) Suppose R(T) € N(T). For any v € V, T(v) € R(T) C N(T), so T(T'(v)) = 0. Hence

T?%(v) = 0 for all v, i.e., T? = Tp.
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§2 The Matrix Representation of a Linear Transformation

2.1 Coordinate Vectors

Definition: Coordinate Vector

Let 8 = {v1,...,vn} be an ordered basis for V. For any v = )", a;v;, define:

ai
wp=1: | €F™
G,
2.2 Matrix Representation
Definition: Matrix Representation [T}
Let V, W have ordered bases = {v1,...,v,} and v = {wy,...,wn,}. The matrix represen-

tation of 7': V' — W is the m X n matrix whose j-th column is [T'(v;)],:

17y = (T, | @)l | - | Te),).

Note: Dimensions: [T]Z, is m x n where m = dim W and n = dim V. For example, T : R? — R3
gives a 3 X 2 matrix.

Theorem: Key Computational Theorem (Thm. 2.14)

For any u € V:
[T(w)]ly = [T - [ulp-

Coordinate vector of output = matriz X coordinate vector of input.

Example: Computing [7T]}

(a) T:R? = R3, T(a1,a2) = (2a1 — ag, 3a1 + 4as, a1), standard bases.

(b) T : P(R) = Maxa(R), T(f(x))

<f’((]0) 2f(1)>’ B = {1,z,2%}, a standard basis of

Mayo.
T(l):(g (2)> T(x):((l) (2)> T(x2):<8 3)
01 0
R
0 0 2
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(c) T': Mayyo(F) = F, T(A) = tr(A), a = {E', E'2, 2 E22} ~ = {1}.

[T]2=(1 0 0 1).

5 Friedberg, Insel €& Spence, th ed.
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§3 Composition and Matrix Multiplication

Theorem: Composition <+ Matrix Multiplication

Let T:V — W and U : W — Z be linear, with ordered bases «, 3,7 for V, W, Z. Then:
[UT)y, = [U]} - (115

Also, for any v € V: [T'(v)]g = [T15 - [v]a.

Definition: Left-Multiplication Transformation

For A € My,xn(F), define Ly : F* — F™ by L(xz) = Az. Then:
o [LA}Z) = A (standard bases).
L] LA = LB ~— A= B.
d LAJrB = LA +LB and LAB = LA OLB,

Theorem: Properties of Matrix Multiplication

(a) Associativity: (AB)C = A(BC).

(b) Distributivity: A(B+ C) = AB + AC.

(c) Identity: I,,A = A= AL,.

(d) Not commutative: AB # BA in general.

(e) No cancellation: AB=AC# B=C; AB=0# A=0or B=0.

Example: AB =0 but BA# O

Let U(z,y) = (y,0) and T(z,y) = (x,0) on F2. Then UT = Ty but TU # Tp.

With A = [U] = (8 (1)> and B = [T}y = ((1) 8)

00 01
AB_<0 0>_0, BA_<0 0);&0.

Theorem: Trace Properties

For n x n matrices A, B:  tr(AB) =tr(BA) and tr(A?) = tr(A).
Proof of tr(AB) = tr(BA):

n

tr(AB) = Z(AB)M = Z ZAikBk:i = Z Z By Ay, = tr(BA).
ik ki

=1 7
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§4 Invertibility and Isomorphisms

Definition: Invertible Transformation

T:V — W is invertible if 3 linear U : W — V such that UT = Iy and TU = Iyy. Such U is
unique and denoted T~ 1.

Theorem: Invertibility <= Bijection

T :V — W is invertible <= T is both one-to-one and onto.

Theorem: Invertibility Implies Equal Dimensions

If T:V — W is invertible, then dim V' = dim W.
Proof. T one-to-one = nullity(7') = 0; T onto = R(T") = W, so rank(7T") = dim W. By the
dimension theorem: dimV =0+ dim W.

Theorem: Matrix of the Inverse

If T: V — W is invertible, then [T]} is invertible and

4.1 The 2 x 2 Inverse Formula

-1
Ty _ 1 w o =y
z w Tw—yz \—2 x )

The scalar zw — yz is the determinant. The matrix is invertible <= det # 0.

Example: Finding A~!

5 7

Let A = (2 3

>. Then det(A) =15—-14 =1, so
(3 =T
4 _(_2 7).

Theorem: Properties of Matrix Inverses

Let A, B be invertible n X n matrices.
(a) (AB)"!=B"1A4"!
(b) (AH)~t=4
(c) (A)~t= (A7)
(d) If AB = O and A is invertible, then B = O.

Example: Composition Invertibility (§2.4 #12)

7 Friedberg, Insel €& Spence, th ed.
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Let T:V - W and U : W — Z be linear.

(a) If UT is 1-1, then T is 1-1. Let v € N(T'). Then T'(v) =0, so UT(v) = 0. Since UT
is 1-1, v =0.

(b) If UT is onto, then U is onto. For any z € Z, since UT is onto, Jv with z = UT'(v) =
U(T(v)) € R(U).

(c) If U and T are both 1-1 and onto, so is UT. For 1-1: ifv € N(UT), then U(T'(v)) = 0;
since U is 1-1, T'(v) = 0; since T"is 1-1, v = 0. For onto: given z, since U is onto 3w with U(w) = z
since T' is onto v with T'(v) = w; so UT(v) = z.

)

Definition: Isomorphism

An invertible linear transformation 7': V' — W is an isomorphism. We say V = W (isomor-
phic) if such a T exists.

Two finite-dimensional vector spaces over the same field are isomorphic <= they have the
same dimension.

8 Friedberg, Insel €& Spence, Jth ed.
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§5 The Change of Coordinate Matrix

Definition: Change of Coordinate Matrix

Let 8 and ' be two ordered bases for V. The change of coordinate matrix from [’ to 8
is

Q= [Iv]5.
Its j-th column is [v}]5 where v} is the j-th vector of 3. For any v € V:

[v]s = Q [v]p.

Q is always invertible; Q! converts S-coordinates back to 3’-coordinates.

Theorem: Changing Basis for a Linear Operator

Let T:V — V be linear and Q = [Iy]7,. Then:

Tp =Q7'T)Q <=  [Tp=Q[TyQ "

Example: Computing the Change of Coordinate Matrix (§2.5 #05)

Let T: Pi(R) = Pi(R) be T(p(x)) =p'(z), 8={1,z}, ' ={1+=z, 1 —x}.

Step 1: [T]s. T(1) = 0 and T(z) = 1, so [T]5 = <8 (1))

Step 2: Q. Express f'-vectors in terms of : [1 + z]g = (1) and [1 — x|z = (711)7 SO

1 1
@ = (1 —1>‘
T
Step 3: Q7'. det(Q) = —2,50 Q" = % <1 —11> - <%§ —11//22>
Step 4: [Ty = Q'[T)3Q.

[Ty = < é;) (8 (1)> G —11> - @ :@

Example: Reflection about y = ma (§2.5 #7)

D[ 0| =

The reflection T : R? — R? about y = ma.
Choose ' = {(Tln), (71"} (along and perpendicular to the line). In this basis:

[Tlg = (é _01> -

9 Friedberg, Insel €& Spence, Jth ed.
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1

SO T(.’E,y) = m

(1 = m?)z + 2my, 2ma + (m? — 1)y).

Definition: Similar Matrices

A, B € My« (F) are similar if 3 invertible Q such that B = Q=1 AQ.
[T)g and [T]g are always similar. If A ~ B, then tr(A4) = tr(B).

10 Friedberg, Insel €& Spence, Jth ed.
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§6 Exam 2 Preparation Summary

6.1 Master Theorem Checklist

Key Facts

2.1 T linear: T(cx +y) = cT'(z) + T(y).
dim V' = rank(7") 4 nullity (7).
T 1-1 < N(T) = {0}.
dimV =dimW: 1-1 <= onto.

2.2 [T} is m x n; j-th col = [T'(v))],.
[T (w)]y = [T]5[uls-
2.3 [UT1% = [U]}[T)a.

(AB)ij = >, AikBrj-
tr(AB) = tr(BA).

2.4 T invertible <= 1-1 and onto.
(T3 = (T13)
(AB)"'=B7tA~1

2.5 Q= [Iv]g,: converts 3’ — 3 coords.

[Ty = Q7' [T]5Q.
[T)g and [T]g are similar.

6.2 Frequently Tested Proof Techniques

Proving T is linear: Show T'(cx + y) = ¢T'(z) + T(y) for arbitrary ¢ € F and x,y € V.

Proving T is 1-1: Show N(T') = {0}, i.e., T(v) =0 = v = 0.

Proving T is onto: Given arbitrary w € W, construct v € V with T'(v) = w.

Proving T'(3) is a basis of W: If T'is 1-1 and onto and S is a basis of V, then T'(/3) spans
W (since T is onto) and is linearly independent (since T is 1-1).

Proving T? =Ty <= R(T) C N(T): See §2.1 example above.

AB invertible = A and B invertible (n x n): AB invertible = Lap = L4 o Lp invertible.
By §2.3 #12, Lp is 1-1 and L4 is onto. Since La4,Lp : F™ — F™ (same dimension), each is
invertible.

6.3 Step-by-Step: Computing [Ts
Given a linear operator T': V — V and two bases (3, 5’

1. Compute [T]g: apply T to each S-vector, express in -coords, form as columns.
2. Build Q = [Iv]g/i express each 3'-vector in [3-coords, form as columns.

3. Compute Q! via the 2 x 2 formula or row reduction.
4. Multiply: [T]s = Q~[T)5Q.
Check: [T]5 = Q[T]p Q! should also hold.

11 Friedberg, Insel €& Spence, th ed.
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6.4 Problem Index by Section

Section Problem Type Numbers

§2.1 Prove T linear; find N(T'), R(T); Dim Thm 3,9, 11-17

§2.2 Compute [T]g); use Thm 2.14 2(a), 5(b)(c), 10, 16
§2.3 Compute [UT]; matrix products; trace 2(b), 3, 4(a)(b), 9, 11-13
§2.4 Invertibility; compute 7~!; proofs 2 4,5, 7, , 16-20

§2.5 Compute Q; change of basis; reflection 2, 3(a), 5, 7(a), 10

6.5 Diagonal Matrix via Change of Basis (§2.2 #16)

Claim: f dimV =dimW and T : V' — W, 3 bases f3,~ such that [T]g is diagonal.

Construction: Let k = nullity(T). Extend a basis {vi,...,vx} of N(T') to a basis § =
{1, Uk Vky1s .-, un ) of Voo Set uj = T(vgyj) for j = 1,...,n — k; extend {u1,...,up—}
to a basis v of W. Then:

0, O .
~ _
[”5__(0 In_k>—dlag(O,...,O,l,...,l).

12 Friedberg, Insel €& Spence, th ed.
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